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Stress analysis is carried out in a graded orthotropic layer containing a screw dislocation
undergoing time-harmonic deformation. Energy dissipation in the layer is modeled by vis-
cous damping. The stress ﬁelds are Cauchy singular at the location of dislocation. The dis-
location solution is utilized to derive integral equations for multiple interacting cracks with
any location and orientation in the layer. These equations are solved numerically thereby
obtaining the dislocation density function on the crack surfaces and stress intensity factors
of cracks. The dependencies of stress intensity factors of cracks on the excitation frequency
of applied traction and material properties of the layer are investigated. The analysis allows
the determination of natural frequencies of a cracked layer. Furthermore, the interactions
of two cracks having various conﬁgurations are studied.
 2011 Elsevier Inc. All rights reserved.1. Introduction
Functionally graded materials (FGMs) may be tailored to withstand high temperatures, harsh environments and severe
stress levels, simultaneously. The widespread application of FGM for manufacturing mechanical components and also as
thermal/wear resistant coating, for instance, in aerospace and automotive industries, makes thorough understanding of their
behavior under various types of loads, such as periodic one of importance. In the area of fracture mechanics, a large number
of articles deal with the stress analysis in media with FG constituents containing cracks. A brief review of investigations con-
cerned with the dynamic anti-plane deformation of such structures is carried out here. Ma et al. [1], considered two collinear
identical cracks in an isotropic FGM layer sandwiched between two isotropic dissimilar half-planes. The cracks were under
constant anti-plane time-harmonic traction. A medium with the above composition, wherein defects were two interfacial
coaxial cracks with different lengths, was analyzed by Ma et al. [2]. In another article Ma et al. [3] examined the problem
of an orthotropic graded plane containing a crack in a direction of principal material orthotropy. In all the above cited stud-
ies, integral transforms and Schmidt’s method were adopted to determine stress intensity factor at a crack tip. An isotropic
half-plane reinforced by a FGM layer and weakened by an arbitrarily oriented crack under impact anti-plane traction was
solved by Choi [4]. A meshless local boundary integral equation formulation for dynamic analysis of cracks in FGMs under
anti-plane deformation was developed by Sladek et al. [5]. FGM coatings, due to the processing techniques used in their man-
ufacturing, are usually orthotropic Dag et al. [6]. The static and dynamic anti-plane problems of an isotropic layer reinforced
by an orthotropic FGM coating with periodic array of parallel cracks perpendicular to the interface was solved by Chen [7].
An orthotropic FGM layer with an edge or embedded crack perpendicular to the boundary under impact anti-plane traction
was the subject of study by Chen and Liu [8]. In the above mentioned impact problems, Fourier and Laplace transforms were
employed to obtain stress intensity factor at the crack tips.. All rights reserved.
fax: +98 21 641 9736.
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graded layer. In practice, energy dissipation occurs in the course of dynamic deformation of structures. Several investigators,
in the analysis of structures composed of FGMs in the absence of defects, modeled this phenomenon by a viscous damping
see e.g., Elishakoff et al. [9] and Kapuria et al. [10]. However, the structural damping was not taken into account in the pre-
vious studies of dynamic crack problems. To amend the shortcoming viscous damping is included to model energy dissipa-
tion under time-harmonic deformation of the layer. Two solutions in integral and series forms are obtained for stress
components exhibiting Cauchy type singularity at the location of dislocation. The dislocation solution and Buckner’s princi-
ple are employed to derive integral equations for dislocation density function in a graded strip weakened by multiple cracks.
These equations are then solved numerically and the results are employed to determine stress intensity factor at the crack
tips. The result of the study may be readily used to obtain Fourier series solutions for a cracked layer subjected to any dis-
tribution of self-equilibrating anti-plane periodic loads. Moreover, the solution encompasses those of cracked inﬁnite- and
half-plane regions under the aforementioned situation.
2. Orthotropic FGM strip with screw dislocation
A layer with thickness h made up of an orthotropic FGM, wherein material properties vary continuously in the thickness
direction, is under consideration, Fig. 1. Moreover, x and y axes are taken as directions of principal material orthotropy. A
Volterra-type screw dislocation with the line of dislocation coinciding with the y-axis is located at distance h1 from the
x-axis, Fig. 1. The displacement components in anti-plane deformation areU ¼ 0; V ¼ 0; W ¼ Wðx; y; tÞ: ð1Þ
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; ð3Þwhere lx(y) and ly(y) are the shear moduli of FGM in the x- and y-directions, respectively. The equation for anti-plane mo-









; ð4Þwhere q(y) and g(y) are the mass density and the viscous damping coefﬁcient per unit volume of material, respectively. At
the outset of dynamic loading transient effects prevail. The last term in Eq. (4), however, gradually eliminates these effects





















: ð5ÞFor the layer depicted in Fig. 1, the boundary, continuity and limiting conditions may be expressed asr
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Fig. 1. Schematic view of the FGM layer with screw dislocation.
1628 S.M. Mousavi, S.J. Fariborz / Applied Mathematical Modelling 36 (2012) 1626–1638where Bz(t) is the dislocation Burgers vector and H(..) is the Heaviside step-function. Under the assumption of steady-state
deformation and time-harmonic excitation with angular frequencyx, the displacement, stress ﬁelds and Burgers vector may
be written asWðx; y; tÞ;r_xzðx; y; tÞ;r
_
yzðx; y; tÞ; BzðtÞ
h i















½xqðyÞ  igðyÞw ¼ 0: ð8ÞBy virtue of the anti-symmetry of the problem with respect to the y-axis, Eq. (8) should be solved in the semi-inﬁnite layer
x > 0 subject to the following boundary and limiting conditionsryzðx;0Þ ¼ 0; ryzðx;hÞ ¼ 0;






ð9ÞTo solve Eq. (8) with conditions (9), it is convenient to divide the layer into two regions 0 < y < h1 and h1 < y < h. The conti-
nuity conditions necessary in the two regions arewðx;h1 Þ ¼ wðx; hþ1 Þ;
rzyðx;h1 Þ ¼ rzyðx; hþ1 Þ:
ð10ÞIn the fracture mechanics community, it is a common practice, for the sake of mathematical convenience among other
things, to assume that material properties of a graded layer vary exponentially with identical rates in the thickness direction,
see e.g., Delale and Erdogan [11] in static and Ma et al. [12] in dynamic fracture problems. Therefore, we take½lxðyÞ;lyðyÞ;qðyÞ;gðyÞ ¼ ½l0x;l0y;q0;g0e2jy: ð11Þ
It is worth mentioning that under harmonic deformation, moduli of elasticity and damping property of materials alter with
excitation frequency, Pritz [13]. Consequently, l0x, l0y and g0 may be considered as functions of the frequency x. Nonethe-








þ k2Tw ¼ 0; ð12Þwherefl ¼ l0x=l0y; kT ¼ jkT j expðih=2Þ;









; h ¼ tan1 g0
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is the shear wave velocity in the y-direction. The solution to Eq. (12) in the two regions 0 < y < h1 and
h1 < y < h is achieved by means of the Fourier sine transform to eliminate the x variable yielding an ordinary differential
equation with constant coefﬁcients. Indeed, in a layer with arbitrary gradation of material in the thickness direction i.e.,
material properties do not vary with the same exponent in the y-direction, Fourier transform of Eq. (8) results in an ordinary
differential equation with variable coefﬁcients which may require a more involved solution procedure. Following a routine







½b cos hðbyÞ þ j sinhðbyÞ sin hðbðh h1ÞÞ















; h1 6 y < h: ð14ÞIn Eq. (14), sgn(x) designates the sign function andb ¼ jbj expðic=2Þ; jbj ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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c ¼ tan1 xg0
l0yðj2 þ flk2  ðx=CyÞ2Þ
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½b coshðbyÞ þ j sin hðbyÞ sinhðbðh h1ÞÞ
sin hðbhÞ dk; 0 < y 6 h1;












p e2jy sin kTx ﬃﬃﬃﬃflq
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sin hðbðh h1ÞÞ sin hðbyÞ
sinhðbhÞ sinðkxÞdk; 0 < y 6 h1;






sin hðbh1Þ sinhðbðh yÞÞ
sinhðbhÞ sinðkxÞdk; h1 6 y < h:
ð16ÞThe stress ﬁelds (16) are singular at the location of dislocation. To examine the singular behavior asymptotic analysis of inte-
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x2 þ flðh1  yÞ2

























x2 þ flðh1  yÞ2
; h1 6 y < h: ð17ÞAll integrals in Eq. (17) decay reasonably fast as k!1. Consequently, integrals are regular and stress ﬁelds exhibit the
familiar Cauchy type singularity at dislocation location. The integrals in Eq. (16) are also evaluated by means of contour
integration and the residue theorem. The integrands are even functions of variable k and have simple poles at




































expðijxjknÞ; 0 < y 6 h1;

















































expðijxjknÞ; ð18Þwherekn ¼ jknj exp ipþ a2

 
; jknj ¼ 1ﬃﬃﬃﬃ
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;
a ¼ tan1 xg0
l0yððnp=hÞ2 þ j2  ðx=CyÞ2Þ
" #
; 0 6 a < p
2
; n 2 f1;2;3; . . .g:
ð19ÞIt is easy to show that stress ﬁelds, except for points on they-axis, decay exponentially as n?1. Moreover, in materials with
a larger damping coefﬁcient, g0, the rate of decay of stress components is much faster at a point not situated on the dislo-
cation line.
3. Layer under anti-plane point-force
Let the layer, in the absence of defects, be subjected to a pair of self-equilibrating time-harmonic concentrated loads of
magnitude p represented byr^yzðx;0; tÞ ¼ pdðxÞeixt ;
r^yzðx;h; tÞ ¼ pdðxÞeixt;
ð20Þwhere d(x) is the Dirac delta function. Eq. (5) should be solved subjected to the above boundary conditions. The problem is
symmetric with respect to the y-axis. The application of Fourier cosine transform to Eq. (12) and following a procedure sim-
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b sinh½bðy hÞ þjcosh½bðy hÞ








































x2 þ flðy hÞ2
;
ð23Þ
where b is deﬁned in (15). The stress ﬁelds are Cauchy singular at the points of application of loads. Alternatively, contour
integration is utilized to evaluate integrals in Eq. (22). The stress components results inrxzðx; yÞ ¼ pj2































h cosðnpy=hÞ þ j sinðnpy=hÞ
ðnp=hÞ2 þ j2
expðiknxþ jðh yÞÞ;





















































n2ð1Þn ðnp=hÞ sinðnpy=hÞ  j cosðnpy=hÞ
knððnp=hÞ2 þ j2Þ
expðiknxþ jðh yÞÞ; ð24Þwhere kn is deﬁned in Eq. (19). The series in Eq. (24) converge everywhere except at the points of application of loads imply-
ing the singularity of stress components at these points.
4. Crack formulation
The dislocation solutions accomplished in the preceding section are capable of handling a strip containing multiple
cracks. The distributed dislocation technique is an efﬁcient means to carry out the task, see for instance Faal et al. [14].
Let the layer be weakened by screw dislocations with complex density Bz distributed on a line with unit length situated
at a point with coordinates (g,f). The stress components at a point with coordinates (x,y) due to the distribution of disloca-
tions from the two different solutions may be obtained by making the conversions x? x  g, h1? f and bz? Bz in Eqs. (17)
and (18), leading to, respectively, Eqs. (A1) and (A2) in Appendix. Let the strip be weakened by N cracks described in para-
metric form asxk ¼ akðsÞ;
yk ¼ bkðsÞ; k 2 f1;2; . . . ;Ng; 1 6 s 6 1:
ð25ÞThe moveable orthogonal coordinate system n, t is chosen such that the origin may move on the crack while t-axis remains
tangent to the crack surface. The anti-plane traction on the surface of kth crack in terms of stress components in the Carte-
sian coordinates x, y becomesrnzðxk; ykÞ ¼ ryz cosðhkÞ  rxz sinðhkÞ; k 2 f1;2; . . . ;Ng; ð26Þ
1632 S.M. Mousavi, S.J. Fariborz / Applied Mathematical Modelling 36 (2012) 1626–1638where hkðsÞ ¼ tan1ðb0kðsÞ=a0kðsÞÞ is the angle between x- and t-axes and prime denotes differentiation with respect to the
argument. A crack is constructed by continuous distribution of dislocations. Therefore the anti-plane traction on the surface










½r2yzðak;bk;aj; bjÞ cosðhkÞ  r2xzðak;bk;aj;bjÞ sinðhkÞdl; bj 6 bk 6 h  1 6 s 6 1; k
2 f1;2; . . . ;Ng: ð27Þ





dt. It is worth mentioning that in Eq. (27), wherever the line joining points (x,y) and (g,f) makes angle
smaller than 1 with the strip boundary, series solution for screw dislocation, Eq. (A2), otherwise the integral form of solu-
tion, Eq. (A1), should be invoked. Moreover, quantities with subscript k are functions of s whereas those with subscript j are
functions of t. Since the dislocation solution is singular, Eq. (27) are Cauchy singular integral equations for the dislocation
densities. The elasticity problem of a strip in the absence of cracks under a pair of self-equilibrating time-harmonic concen-
trated loads is solved in the previous section and the stress components are determined. By virtue of the Buckner’s principal
the stress components with opposite sign, should be substituted in Eq. (26) to determine the traction on a crack surface
which is the left-hand side of Eq. (27). Employing the deﬁnition of dislocation density function, the equation for the crack






ðB1jðtÞ þ iB2jðtÞÞdt: ð28ÞThe displacement ﬁeld is single-valued out of crack surfaces. Thus, dislocation density for an embedded crack is subjected to





ðB1jðtÞ þ iB2jðtÞÞdt ¼ 0; ð29Þwhere j is the crack number. To obtain the dislocation density for embedded cracks, the integral equations (27) and (29) are
to be solved simultaneously whereas for edge cracks Eq. (29) is not applicable. For a layer weakened by both cracks the
numerical procedure devised in Faal et al. [14] is adopted. The stress ﬁelds exhibit square-root singularity at an embedded
crack tip. Therefore, the dislocation density for embedded cracks is taken asBkjðtÞ ¼
gkjðtÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2



































g. 2. The variation of nondimensionalized stress intensity factors verses the frequency for various damping coefﬁcients in an isotropic layer.






























Fig. 3. The variation of nondimensionalized stress intensity factors verses the frequency for various damping coefﬁcients in an orthotropic layer.























Fig. 4. The variation of nondimensionalized stress intensity factors verses the angle for isotropic graded strips.
S.M. Mousavi, S.J. Fariborz / Applied Mathematical Modelling 36 (2012) 1626–1638 1633For an edge crack with embedded tip at t = 1, the dislocation density isBkjðtÞ ¼
gkjðtÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ














































Fig. 5. The variation of nondimensionalized stress intensity factors verses the angle for orthotropic graded strips.
























Fig. 6. Interaction of a kinked and a straight crack in an isotropic FGM layer.
1634 S.M. Mousavi, S.J. Fariborz / Applied Mathematical Modelling 36 (2012) 1626–1638where the subscripts L and R designate the left and right crack tips, respectively, and the geometry of crack impliesrLj ¼
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Fig. 7. Interaction of a kinked and a straight crack in an orthotropic FGM layer.
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Fig. 8. Interaction of an edge and an embedded crack in an isotropic FGM layer.
S.M. Mousavi, S.J. Fariborz / Applied Mathematical Modelling 36 (2012) 1626–1638 1635Expanding functions aj(s) and bj(s) by Taylor series in the vicinity of points s = ±1, substituting Eq. (30) into (28) and the


















ð34ÞThe solution for gkj is plugged into Eq. (34) thereby obtaining the complex stress intensity factors. For an edge crack with






4ðg1jð1Þ þ ig2jð1ÞÞ: ð35Þ


















Fig. 9. Interaction of an edge and an embedded crack in an isotropic FGM layer.
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All the proceeding examples, thickness and material properties of the layers are h = 0.01(m), q0 = 500(kg/m3),
l0y = 10(GPa), jh = 0.5, for orthotropic FGMs the ratio of shear moduli l0x/l0y = 0.8 and a crack length 2l = h/5. The layers
are under a pair of time-harmonic self-equilibrating point forces. The quantity to be investigated is the absolute value of
complex SIF designated by kIII. As the ﬁrst example, a central crack in isotropic and orthotropic graded layers is considered.
The variations of nondimensionalized SIFs verses the excitation frequency in a medium with three different damping coef-
ﬁcients are depicted in Figs. 2 and 3. At xl/Cy = 0.35, 0.95, the maximum values of SIF occur and the increase of damping
coefﬁcient only lowers these values while having negligible effect on other values of SIF. These frequencies may be consid-
ered as the ﬁrst and the second damped natural frequencies of the cracked layer.
In what follows, the damping coefﬁcient of medium g0 = q0Cy/100h, and the frequency of point load is taken as
x = 0.008Cy/h. In the second example, isotropic and orthotropic FGM layers weakened by central and inclined cracks are con-
sidered. The nondimensionalized SIFs verses angle h are depicted in Figs. 4 and 5. The variations of SIFs at crack tips L1 and R1,
which are due to the interaction with inclined crack, are not signiﬁcant. Moreover, a central crack in an orthotropic layer
with stiffer material property in the y-direction experiences higher SIF than in the isotropic layer. The SIF at crack tips L2
and R2 at angle h = p/2 is minimal because traction vanishes on the crack surface and only the interaction with the central
crack exists. The severe variation of SIF of the inclined crack is attributed to the changes of traction on the crack surface and
material properties at the crack tips. The third example deals with the interaction of kinked and straight central cracks in
isotropic and orthotropic FGM layers. The inﬂuence of kink-angle h on stress intensity factors for isotropic and orthotropic
graded strips is illustrated in Figs. 6 and 7, respectively. The interaction of cracks for h = p/2 and h = 3p/2 is weak and en-
hances as the distance between R1 and L2 diminishes. At h = p, the local extremum of SIF at all cracks tips occur and as it
was expected, ðkIIIÞL1 ¼ ðkIIIÞR2 ; ðkIIIÞR1 ¼ ðkIIIÞL2 . In addition, the range of variation of SIF at crack tip L2 in orthotropic layer
is higher than that in isotropic one. In the last example, the interaction of an edge crack and a crack parallel with the cen-
ter-line of a strip is examined, Figs. 8 and 9. As the distance between R1 and L2 reduces ðkIIIÞL2 increases, at a=hP 0:2 the
distance is minimal. In the isotropic layer, for a/h > 0.6 interaction of cracks vanishes. Therefore, ðkIIIÞL2 remains constant,
ðkIIIÞL1 ¼ ðkIIIÞR1 and the variation of ðkIIIÞL1 illustrates the effect of material gradation on SIF, i.e., SIF of a crack reduces in re-
gions with softer material properties. In an orthotropic FGM layer, the increasing of distance, a, attenuates the interaction
between R1 and L2. Nonetheless, the interaction is more pronounced than in an isotropic layer.6. Conclusion
The distributed dislocation technique is employed to construct integral equations for an orthotropic FGM strip with vis-
cous damping under time-harmonic anti-plane excitation. The formulation allows analysis of multiple cracks with general
orientation and conﬁguration. It was observed that the behavior of SIF in isotropic and orthotropic FGMs with changing exci-
tation frequency is the same. At some distinct values of excitation frequency, the so called natural modes of vibration of the
cracked layer, the maximum values of SIF occur and the change of damping coefﬁcient of the medium only alters these
values. Furthermore, the range of variation of SIF by changing the orientation of a straight crack or the kink-angle for
orthotropic FGMs is larger than that of isotropic FGMs.
S.M. Mousavi, S.J. Fariborz / Applied Mathematical Modelling 36 (2012) 1626–1638 1637Appendix A
Stress components in integral form at a point with coordinates x, y, caused by dislocations with density Bz distributed on a
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